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The energy spectrum of a system of Bose atoms in the superfluid phase in an optical lattice
of the graphene type has been studied. The dispersion laws for the energy bands and the
single particle spectral densities are calculated in the random phase approximation and in
the framework of the hard-core boson formalism, and their changes at the transition from
the normal phase to the superfluid one are described. As a result of this transformation, the
number of subbands doubles. In the case of the subband energetic equivalence, the Dirac points
in the spectrum survive, and their number becomes twice as much. When the subbands are
energetically nonequivalent, the Dirac points are absent. The shape of spectral densities is
shown to be sensitive to the changes in the temperature and the chemical potential position.
K e y w o r d s: optical lattice, honeycomb lattice, phase transition, spectral density, hard-core
bosons, Dirac points.
1. Introduction
This work continues our researches dealing with the
calculation of the energy spectrum and one-particle
spectral densities for a system of Bose atoms in
a two-dimensional honeycomb optical lattice of the
graphene type. Our previous results were reported in
work [1]. Unlike the problem of the electron spectrum
in graphene, we consider particles that are described
by the non-Fermi statistics. During the last time, a
considerable attention was attracted to the study of
the thermodynamics and the energy spectrum fea-
tures of Bose particles in optical lattices. Interesting
and important is the problem concerning the spec-
trum modifications at the phase transition associated
with the Bose–Einstein condensation of particles (the
transition from the normal, NO, phase to the super-
fluid, SF, one).
The Bose–Einstein (BE) condensation of bosonic
atoms (Rb87) in the optical lattices formed as a re-
sult of the interference between counter-propagating
laser beams was observed for the first time in 2002
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[2, 3]. Since that time, this effect and the accom-
panying phenomena have been studied very inten-
sively. For optical lattices of the graphene type, the
transition to the SF phase was obtained experimen-
tally in work [4], where the regions of existence for
various phases depending on the values of chemi-
cal potential and parameters that characterize short-
range interactions and the particle dynamics were
found. The theoretical consideration in works [5–8]
concerned the construction and the analysis of phase
diagrams, proceeding from the Bose–Hubbard model
[9, 10], which is generally adopted for the descrip-
tion of a system of Bose atoms in optical lattices. The
energy spectrum of bosons in the graphene-type lat-
tices was analyzed in works [11,12]. Issues concerning
the spectrum topology and the arrangement of Dirac
points in the NO phase were considered, but the spec-
trum modifications at the transition to the SF phase
were not analyzed.
An important influence on the formation of a spec-
trum of the system of Bose atoms in the graphene-
type lattice is exerted by short-range correlations be-
tween particles, (in particular, the on-site repulsion
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interaction U). Another complication in comparison
with the case of the graphene lattice is the energetic
nonequivalence of sublattices (it can be easily con-
trolled by changing the phases of laser beams that
generate the optical lattice). As was shown in work
[1], all those factors give rise to substantial differences
between the single particle spectrum in the NO phase
and the standard spectrum of graphene. In particu-
lar, it was found that Dirac points in the spectrum do
not exist at arbitrary particle densities and, accord-
ingly, chemical potential values. In particular, they
disappear, if the chemical potential in the NO phase
is located in the gap between the energy subbands
(such a gap emerges owing to the energetic nonequiv-
alence of sublattices).
In this work, in addition to calculations carried
out in work [1], we consider the case where the sys-
tem is in the phase with the BE condensate (the SF
phase). Our description is based, as was done in work
[1], on the two-sublattice model of hard-core bosons
[13], which is a limiting case (U → ∞) of the Bose–
Hubbard model and is valid for the low-population
levels (0 ≤ n ≤ 1) of on-site states. The gen-
eral scheme to find Green’s single particle functions
for this model in its pseudo-spin formulation is well-
known. In this work, we use the approach described
in work [14]. We aim at studying the special features
in the reconstruction of the bosonic band spectrum
and spectral densities at the transition from the NO
phase to the SF one that occurs at the variations of
the chemical potential, energetic difference between
the sublattices, and temperature.
2. Excitation
Spectrum in the Superfluid Phase
If the intersite interaction between particles is ne-
glected, the Hamiltonian of the lattice gas consisted
of hard-core bosons looks like
H = −
∑
〈ij〉
tb+i bj +
∑
i
(ε0 − µ)ni, (1)
where t is the transfer integral between the nearest
sites, ε0 the on-site energy of the particle, and µ
the chemical potential. Since b+i and bi are the Pauli
operators, Hamiltonian (1) can be rewritten in the
pseudo-spin representation with the use of the trans-
formations
b+i = S
−
i , bi = S
+
i , b
+
i bi = ni =
1
2
− Szi . (2)
In the two-sublattice case, i→ (n, α), where α = A,B
is the sublattice index. As a result,
Hˆ = −
∑
〈n,n′〉
[
JABnn′ (S
x
nAS
x
n′B +
+ JBAnn′ (S
x
nBS
x
n′A + S
y
nBS
y
n′A)
]
−
− hA
∑
n
SznA − hB
∑
n
SznB
(JAB〈n,n′〉 = J
BA
〈n′,n〉 = t, hα = εα − µ).
(3)
In the phase with a Bose condensate, the order pa-
rameter is the non-zero average
Sznα = σ
z
nα cosϑα + σ
x
nα sinϑα,
Sxnα = σ
x
nα cosϑα − σznα sinϑα,
Synα = σ
y
nα,
(4)
where the angles ϑα are determined by diagonalizing
the mean-field Hamiltonian
HMF = −
∑
nα
Eασ
z
nα. (5)
Since 〈σznα〉 6= 0 and 〈σxnα〉 = 〈σynα〉 = 0, we obtain
〈Sxα〉 = −〈σzα〉 sinϑα.
In the normal phase,
sinϑα = 0, Eα = hα, 〈σznα〉 =
1
2
tanh
βhα
2
. (6)
For the SF phase, the internal fields Eα and angles
ϑα can be determined from the system of equations
[14]
sin2 ϑα =
〈σzα〉2〈σzβ〉2J4(0)− h2αh2β
〈σzα〉2J2(0)[h2α + 〈σzβ〉2J2(0)]
,
〈σzα〉 =
1
2
tanh
βEα
2
,
Eα = 〈σzα〉J(0)
√
h2α + 〈σzβ〉2J2(0)√
h2β + 〈σzα〉2J2(0)
,
(7)
and the transition from one phase into another one
occurs when the condition
hAhB = 〈σzA〉〈σzB〉J2(0) ≡ 〈σzA〉〈σzB〉9t2 (8)
is satisfied. Relation (8) determines the boundaries
of regions for the NO and SF phases on the phase
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plane. In Fig. 1, the corresponding phase diagrams
on the plane (T, h) [1, 14], where h = hA+hB2 , are
exhibited for various values of parameter δ = hA−hB2 .
Green’s two-time function
〈〈blα|b+nβ〉〉 = 〈〈S+lα|S−nβ〉〉 ≡ G+−lα,nβ , (9)
which can be used to obtain the bosonic spectrum,
was found in works [1, 14], by using the method of
equations of motion in the random phase approxima-
tion. In the momentum-frequency representation, its
Fourier transform looks like
〈〈S+A |S−A 〉〉q,w =
~
2pi
〈σzA〉PAq
[
(~2ω2−E2A)(~2ω2−E2B)−
− 2Mq~2ω2 − 2NqEAEB +M2q
]−1
, (10)
where the numerator of Green’s function equals
PAq (~ω) =
[
EA
(
cos2 ϑA + 1
)
+ 2~ω cosϑA
]×
× (~2ω2 − E2B)− 2~ωMq cosϑA + Φ˜Aq EB (11)
and the following notations are introduced:
Mq = Φq cosϑA cosϑB,
Nq =
1
2
Φq
(
1 + cos2 ϑA cos
2 ϑB
)
,
Φ˜Aq = Φq cos
2 ϑA
(
1 + cos2 ϑB
)
,
Φq = 〈σzA〉〈σzB〉J2(q).
(12)
Here,
J(q) = t
[
eiqya + 2e−iqya cos
(
qx
√
3a
2
)]
,
J(0) = 3t,
(13)
and a is the distance between the nearest neighbors
in the honeycomb lattice.
The excitation spectrum of bosons in the SF phase
consists of four, symmetric in pairs, branches,
ε
(SF)
1,2 (q) = ± (Pq +Qq)1/2,
ε
(SF)
3,4 (q) = ± (Pq −Qq)1/2,
(14)
where
Pq =
1
2
(
E2A + E
2
B
)
+Mq,
Qq =
[
1
4
(
E2A − E2B
)2
+ 2NqEAEB +
+Mq
(
E2A + E
2
B
)]1/2
.
(15)
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Fig. 1. Phase diagrams in the (T, h) plane at δ = 0, 0.25,
0.45, 0.5, and 0.55 [14]
In comparison with the NO phase, where [14]
ε1,2(q) = h±
√
δ2 + 〈σzA〉 〈σzB〉 |J(q)|2, (16)
the number of branches is twice as much. The dupli-
cation of the specular reflection type with respect to
the chemical potential level takes place at the phase
transition, when the variation of model parameters
(µ, δ, or T ) gives rise to the situation where the edge
of either subband (16) touches the µ-level. This situ-
ation is illustrated in Figs. 2 and 3 in the cases where
the chemical potential is initially (in the NO phase)
located between the subbands or under them. In the
latter case when the gap in the NO phase spectrum is
absent, i.e. at δ = 0, there are the Dirac points with
a linear dispersion law on the Brillouin zone bound-
ary. They are an analog of such points in the electron
band spectrum of graphene (see, e.g., work [15]). The
number of Dirac points doubles after the transition
into the SF phase. New points of this type appear in
the region of negative energies, if the bosonic band in
the NO phase is located above the chemical potential
level, or in the region of positive energies, if below it
(see Fig. 3).
Note that, if the chemical potential µ is located be-
tween the subbands (in this case, it must be δ 6= 0),
the spectrum is reconstructed, and the Dirac points
disappear. The situation where the chemical poten-
tial is located in a close vicinity of the Dirac points
or is imposed onto them is not realized in the case
of hard-core bosons (except for the regions near the
ISSN 2071-0186. Ukr. J. Phys. 2014. Vol. 59, No. 10 995
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Fig. 2. Forms of spectral branches and their correspondence to the NO (dotted curves) and SF (solid curves) phases in the
cases where the chemical potential in the NO phase is located between the bands (left panel; h = 0.6 in the NO phase and 0.7
in the SF one) and under them (right panel; h = 0.9 in the SF phase and 1.0 in the NO one). The other parameters are δ = 0.8
and Θ = 0.05. Hereafter, the energy is reckoned in the J(0)-units from the chemical potential
Fig. 3. Appearance of new Dirac points at δ = 0, the divergency of branches at the Brillouin zone boundaries as the δ parameter
grows, and a change in the behaviour of branches at the center of the Brillouin zone at the NO→ SF transition (h = 0.3 in the
SF phase and 0.5 in the NO one; Θ = 0.2)
critical points, which are the maximum points for the
curves of phase equilibrium on the phase diagram in
Fig. 1).
In the SF phase, two central subbands always touch
each other at the point q = 0 at the chemical poten-
tial level. In a vicinity of this point, the dispersion
laws in the subbands are linear, and, in this sense,
they correspond to excitations of the Bogolyubov
type in the interacting Bose gas, which exist in the
presence of a BE condensate [16].
3. Spectral
Density ρα(ω) in the SF Phase
The spectral density function for single particle
bosonic excitations calculated per one lattice site will
be designated here as
ρα(ω) = − 2
N
∑
q
Im 〈〈bα|b+α 〉〉q,ω+iε =
= − 2
N
∑
q
Im 〈〈S+α |S−α 〉〉q,ω+iε. (17)
Proceeding from formula (10) and making a decom-
position into simple fractions, the function ρα(ω) can
be written as follows:
ρα(ω) =
1
N
∑
q
〈σzα〉
4∑
i=1
Aαi (q)δ
(
ω − εi(q)
~
)
, (18)
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Fig. 4. Spectral density ρA(ω) in the SF phase: general view (upper left panel) and scaled-up images for three intervals of the
excitation energy ~ω, where the spectral density differs from zero (other panels; the weights of different subbands differ by orders
of magnitude). The parameter values J(0) = 1, δ = 0.8, h = 0.7, and Θ = 0.05
where
Aα1,2(q) =
Pαq (~ω = ε1,2(q))
4Qqε1,2(q)
,
Aα3,4(q) = −
Pαq (~ω = ε3,4(q))
4Qqε3,4(q)
.
(19)
The summation over the wave vectors is carried out
in accordance with the formula
1
N
∑
q
Φ(|J(q)|2) = 1
N
∑
q
Φ(t2|γq|2) =
=
∫
dxρ0(x)Φ(t
2x), (20)
where
|γq|2 = 1 + 4 cos
(
qx
a
√
3
2
)
cos
(
qy
3
2
a
)
+
+4 cos2
(
qx
q
√
3
2
)
,
and ρ0(x) =
1
N
∑
q
δ(x−|γq|2) is an auxiliary function
that characterizes the distribution over the squared
energy and is related to the band density of states
g(E) for the graphene lattice as follows:
ρ0(x) =
1
2
√
x
g(
√
x). (21)
The function g(E) looks like
g(E) = 2
pi2
|E|√
Z0
F
(
pi
2
,
√
Z1
Z0
)
,
where
Z0 =
{
(1 + |E|)2 − 14
(|E|2 − 1)2, |E| 6 1,
4|E|, 1 6 |E| 6 3,
Z1 =
{
4|E|, |E| 6 1,
(1 + |E|)2 − 14 (|E|2 − 1)2, 1 6 |E| 6 3,
(22)
and F (pi/2, y) is the complete elliptic integral of the
first kind (see works [17, 18]).
For the δ-function in formula (18), the following
expression is used:
δ
(
ω − εi(x)
~
)
=
= δ(x− x˜i)2~|εi|
∣∣∣∣b+ d2(~2ω2 − a− bx˜i)
∣∣∣∣
−1
, (23)
where εi(x) = εi(q)||γq|2→x, and x˜i is the root of the
equation ~ω = εi(x). We also introduced the nota-
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Fig. 5. Spectrum (left panels) and spectral density ρA(ω) (central and right panels) in the NO and SF phases at various energies
h. The other parameters are J(0) = 1, δ = 0.8, and Θ = 0.05. The plots of ρA(ω) for the lowest branch in the SF phase are not
shown
tions
a =
E2A + E
2
B
2
,
b = 〈σzA〉〈σzB〉 cosϑA cosϑBt2 ≡ m cosϑA cosϑB,
d = m (EA + EB cosϑA cosϑB)×
× (EB + EA cosϑA cosϑB).
(24)
As a result, we obtain the following expression for
the spectral density that characterizes the distribu-
tion over the energy:
ρA(~ω) =
4∑
i=1
ρ0(x˜i)〈σzA〉×
× k + lx˜i|2b(~2ω2 − a− bx˜i) + d| (−1)
i−1, (25)
k =
[
EA(cos
2 ϑA+ 1) + 2~ω cosϑA
]
(~2ω2− E2B),
l = m cos2 ϑA
[
(1 + cos2 ϑB)EB − 2~ω cosϑB
]
.
(26)
An expression for ρB(~ω) can be obtained from for-
mulas (25) and (26) by swopping the indices: A⇄ B.
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Fig. 6. Spectrum (left panels) and spectral density ρA(ω) (right panels) in the NO and SF phases at δ = 0 at various energies
h. The other parameters are J(0) = 1 and Θ = 0.2
Formula (25) was used in the numerical calcula-
tions of the curves ρA(~ω) describing the frequency
dependence of the spectral density for sublattice A. In
Figs. 4 to 6, the results obtained for various values
of parameters h and δ and various temperatures are
shown. As was done earlier, the energetic quantities
are reckoned in the J(0)-units.
A common feature of those plots is the sign change
by the function ρA(ω) when crossing the point ω = 0.
At ω < 0 (below the chemical potential level), the
spectral density is negative, and, at ω > 0 (above the
µ-level), it is positive. The additional subbands that
arise in the SF phase possess a much smaller weight at
first, and their spectral densities can differ from the
ρA-values for the subbands in the NO phase even by
several orders of magnitude (see Fig. 4). As the chem-
ical potential goes deeper into the subband, where it
is located (this process corresponds to the variation
of the parameter h (see Fig. 5)), the intensity redis-
tribution between the positive and negative branches
of the function ρA takes place. The dispersion curves
εi(q) change insignificantly at that.
Figure 6 illustrates the reconstruction of the spec-
tral density function ρA(~ω), when the chemical po-
tential moves within the band in the case where
δ = 0. In this case, the band is not split (the gap is ab-
sent), and there are Dirac points in the spectrum. In
the SF phase, their number doubles in comparison
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with the normal one. This fact manifests itself in the
appearance of additional intermediate points in the
spectral density ρA, where ρA(~ω) = 0 (in a vicinity
of those points, the frequency dependence of ρA can
be approximated by a linear function).
4. Conclusions
Our calculations of the dispersion laws εi(q) and the
spectral densities ρα(~ω) reveal main features in the
band spectrum structure of hard-core bosons in a two-
dimensional lattice of the graphene type. The changes
in their spectral characteristics at the transition from
the NO to SF phase are described. It is shown that
the form of the functions ρα(~ω) (α = A,B) is much
more sensitive to the values of energetic parameters of
the system, including the position of the chemical po-
tential of bosons, than the dispersion laws εi(q) in the
bosonic bands. For this reason, the functions ρα(~ω)
can be considered as the basic characteristics of the
band spectrum. The form of the dependences εi(q)
alone does not provide its exhaustive description.
It is found that, in the case of a lattice with ener-
getically equivalent sublattices (at δ = 0), the Dirac
points in the spectrum survive at the transition to the
SF phase, and their number doubles. In the general
case, the chemical potential of bosons remains out-
side a vicinity of the Dirac points, and it cannot be
imposed onto them.
The results obtained can form a basis for the fur-
ther researches of thermodynamic properties of the
system of Bose particles in a honeycomb lattice with
the graphene-type structure.
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ДОСЛIДЖЕННЯ БОЗОННОГО
СПЕКТРА ДВОВИМIРНИХ ОПТИЧНИХ
ҐРАТОК ЗI СТРУКТУРОЮ ТИПУ
ГРАФЕНУ. НАДПЛИННА ФАЗА
Р е з ю м е
Дослiджено енергетичний спектр системи бозе-атомiв у
надплиннiй фазi в оптичних ґратках типу графену. Роз-
рахунок законiв дисперсiї у зонах та одночастинкових спе-
ктральних густин проведено у наближеннi хаотичних фаз
у рамках формалiзму жорстких бозонiв. Описано їх змiни
при переходi вiд нормальної до надплинної фази. Пiд час
такої перебудови збiльшується вдвiчi число пiдзон. У ви-
падку енергетичної еквiвалентностi пiдґраток дiракiвськi
точки у спектрi зберiгаються, а їх кiлькiсть подвоюється.
При енергетичнiй вiдмiнностi мiж пiдґратками точки Дi-
рака вiдсутнi. Показано, що форма спектральних густин
чутлива до змiни температури та розташування хiмiчного
потенцiалу.
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